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The reference for this list is [1] and the lecture notes.

Exercise 1. In the following, assume the same hypothesis as in Harnack’s inequality and take
K = B(x0, r) ⊂ B.

• Show that
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)
for all x, x′ ∈ K;

• Show that, if u = 0 at some point, then u ≡ 0.

Exercise 2. Let u be a harmonic function in Rn. Show that if supu < ∞ or inf u > −∞, then
u ≡ 0.

Exercise 3. Let Ω be an open bounded set and assume that x ∈ ∂Ω is an isolated point of ∂Ω.
Show that there are no barriers for Ω at x.

Exercise 4. Let Ω be an open bounded set and assume that ∂Ω is a C2 manifold. Show that all
points of ∂Ω admit a barrier.

Exercise 5. Consider the maps H− and H+ defined in the lecture on the Perron method. Prove
the inequalities

H−(f) +H+(f) ≤ H−(f + g) ≤ H+(f + g) ≤ H+(f) +H+(g)

for all f, g bounded functions defined on ∂Ω.

Exercise 6. Prove directly that if p is a polynomial, then

H−(p) = H+(p).
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